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STEP 2 Introduction

Candidates appearedto be generally well prepared for most topics within the examination, but
there were a few situations in questions where some did not appear tobe as proficient in standard
techniques as needed. In particular, the method for finding invariant lines required in question 8 and
the manipulation of trigonometric functions that were needed in question 10 caused considerable
difficulties for some candidates.

An additional issue that occurred at numerous points in the paper relates tothe direction in which a
deduction is required. Itis important that candidates make sure that they know which statement is
the one that they should start from as they deduce the other and that itis clearin their solution that
the logic has gone in the correct direction. Clarity of solution is also an issue that candidates should
be aware of, especiallyin the situations where the result to be reached has been given. It is
important to check that there are no special cases that need to be considered separately, and when
dividing by a function it is necessaryto confirm that the function cannot be equal to 0 (and in the
case of inequalities that the function always has the same sign).

When drawing diagrams and sketching graphs it is useful if significant points that need to be clear
are not drawnover the lines on the page as these can be difficult to interpret during the marking
process.



Question 1

Most candidates attempted this question. While a few did not recognise that the process of
integration by parts applied to one of the terms would then lead to the integral of the other term
appearing in the answer in sucha way that they could be combined, many candidates were able to
show the result in the first part clearly. Many then realised that the second part would follow from a
similar process but using two applications of integration by parts.

Part (iii)(a) proved relatively straightforward for many candidates and some who had struggled with
the first two parts were able to successfully complete this section. Some candidates struggledto
deduce the correct behaviour of the graph, in many cases assuming that the x-axis would be an
asymptote on both sides of the graph.

Many realised that part (iii)(b) would follow from application of integration by parts and were able
to follow through the process carefully to produce a clear deduction of the required value. In part
(iii)(c), while most candidates were able to identify the equation that needed to be solved, many did
not notice the link with part (iii)(a), which provided the easiest explanation of why two such integers
could not exist. Attempts to justify through other arguments were not often sufficiently convincing
to achieve the final mark.



Question 2

Many candidates who attempted this question struggled to achieve high marks as there were
several points within this question where the reasoning required careful explanation.

Part (i) was often completed successfully by candidates who recognised that the relationship given
could easily be rearrangedto show the required result. Approaches which did not recognise this and
tried to use the relationship expressedfor different triples of terms were unable to make any
significant progress. Candidates who attempted toargue that higher powers would not lead to a
common difference were generally not successfulin showing that the sequence has degree at most
one.

The first section of part (ii) was generally well done by those who attemptedit, and the relationship
with the first part was often seen although in some cases candidates omitted to observe that p was
not equal to zero. Candidates were also often able to deduce the formula for the sequence, either by
substituting a general form or by looking at the differences betweenterms.

Many of the candidates who attempted part (iii) recognisedthat a similar approachto part (ii) would
be likely to work. However, many assumed that the required coefficient of n3 would be a, rather
than using a variable sothat the correct coefficient could be deduced at a later point. The algebra for
this part was more complicated and some struggledtofollow through the work accurately. Having
reachedthe point where the correct value of k could be deduced it was then necessaryto consider
when the new sequence would be of the form in part (ii) and when it would be of the form in part (i)
and the analysis of these cases was not always completed fully.



Question 3

There were several good attempts to this question, particularlyin the middle section. However, the
induction required in the first part of the question caused difficulties for many candidates. In
particular, many did not realise which variable it was necessaryto perform the induction on.

Attempts tothe second part of the question were much better and candidates were generallyable
to demonstrate a good level of skill in manipulating summations, including changing the variable
over which the sum ranges. Unfortunately, someslips in the algebra were seenin several cases, but
many candidates were able to reach the given result convincingly.

Many candidates recognised that the left-hand side of the previous result must be equal to zeroand
were therefore able to show the values of the sums successfully. Some care was needed with the
explanation of how the second sum led tocertainty about the first six digits of the expansion.

Candidates who had successfully completed part (iii) of the question were often then able to identify
the correct approach for the final part. However, the justifications often failed to calculate the value
of the error when only considering some of the terms of the sequence.



Question 4

Almost all candidates attempted this question, and many of these did so very successfully. The
majority of attempts managedto make some good progress, especiallyin the first three parts.

Overall, the way in which each of the given modulus forms changedsign was generally well grasped,
although explanations were often rather lacking in detail. The graphs to be drawn in parts (i) and (iii)
were managed well overall, although in some cases the fact that horizontal lines were drawn along
the horizontal lines of the answer booklet meant that the intention was not always clear on the
scanned script.

In part (i) some candidates failed to give sufficient explanation to show that the single formula could
be written as the given set of three equations. Although a small number of candidates omitted to
sketchthe graph, most were able to draw the correct three straight line segments.

Part (ii) was well attempted, and many candidates were able to identify that the new function was
very closely related to the one in the first part of the question meaning that they were able to write
down the correct formula. Those who wrote a general form were almost always able to follow
through the process toreach the correct final answer.

The introduction of quadratic terms to the function did not cause too much difficulty for candidates
and many were able to deduce the correct equations for the sections of the function in part (iii).
While many correctly identified the shape of the two quadratic sections, inseveral cases the graphs
presented were symmetric.

Part (iv) presented more of a challenge, but many candidates who wrote down a generalform were
able to work through to achieve the correct final answer. Afew candidates were able to write down
the answer, but in some cases their answer was not verified even though the question explicitly
asked for verification that the formula is correct.



Question 5

Many candidates appear to have spent a little time on this question before deciding to concentrate
on others, meaning that the marks in general for this question were very low.

In part (i) it was often unclear whether the candidate was using all of the conditions and in many
cases theinequalities were written as strict when they should not have been.

In part (ii) most candidates were able to write down a correct formula for the area and part (b) was
alsogenerally answered well, although in some cases the candidates appearedto guess the best
point, rather than deduce it from the previous part. The incentre was a common incorrect guess for
at least one of the parts.

Candidates were generally most successful in part (iii)(a) with many convincing attempts seen. Fewer
than half of the scripts progressed beyond this point, however. Those who did attempt part (iii)(b)
managed to complete it quite well, although a common mistake was tosimply square the answer
from part (ii)(b) and claim that it all works out.

There were very few attempts at part (iv), mostly trying to use previous parts or to guess a point. For
both of the last two parts, some candidates correctly identified the maximum or minimum, but did
not convincingly show where it was attained.



Question 6

This was one of the better answered questions on the paper and most candidates produced
substantial responses tothe question. Part (i)(a) was completed well in general, with most
candidates achieving good marks for this section. When considering the second family of curves,

some candidates forgot to include thez—z on the right-hand side following their differentiation with
respect to x. In part (i)(b) many candidates failed to justify their division by (x? — y?) when

considering the case where x # y. Most candidates were however able to show that the tangents
do remain perpendicular even in the case wherex = y.

In part (ii) many candidates failed to recognise that ¢ needed to be eliminated from the differential
equation in order to find the second family of curves. This mistake often led to the candidate only
being able to achieve one of the marks available in this section.

Many candidates were able to make good progress on part (iii) of the question and many good
solutions to this part of the question were seen.



Question7

Only a smallnumber of candidates attempted this question, and many of those struggledto achieve
good marks.

In part (i)(a) many candidates failed to spot the useful way of writing w® and were unable to secure
any marks. Many of those who achieved few marks overall were able to obtain a mark by writing
down an expressionfor f(w) — g(w). Of those who did score well, many lost a markfor not stating
that g(w) > 0 when dividing through by it in their inequalities. While there were some successful
alternative solutions to part (i)(c), many of those who did not mimic part (i)(b) and tried to deduce
the result directly were unsuccessful.

In part (ii)(a) some candidates failed to observe that the coefficients of the polynomial were real
when stating that the roots occur in complex conjugate pairs. The remainder of part (ii) was dealt
with easily by most candidates, including many of those who had otherwise obtained few parts.



Question 8

There were a large number of attempts at this question, but high scores were rare. One of the major
reasons for solutions losing marks was a lack of understanding that the case where one invariant line
is the y-axis needs to be addressed separately (as is highlightedin part (i) of the question). Many
candidates were, however, able to demonstrate excellent understanding of the geometryinvolved.

In part (i) many candidates set up a matrix equation to find invariant points rather thaninvariant
lines. Additionally, a significant number of candidates ignoredthe fact that the invariant lines must
go through the origin, meaning that the algebra was more complicated. The special case of one
invariant line being the y-axis was often dealt with incorrectly, with many candidates believing that
this meant that the other invariant line must be the x-axis.

There were many possible approaches to parts (ii) and (iii), the simplest of which involved the
tangent addition formulae for part (ii) and the realisationthat the two lines were reflections of one
another in the line y = x for part (iii). However, many candidates did not appreciate that the angle
between the invariant lines is not necessarilythe same as the angle between two vectors
representing their directions. Additionally, many solutions did not check carefully that the quantities
being used were well defined.

Those candidates who had scored well on parts (ii) and (iii) were often able to link them together
and find a suitable matrix. A very small number of candidates produced the relevant calculations but
failed to write down a matrix.



Question 9

Many of the attempts at this question failed to achieve good marks. Some candidates struggledto
convert the textinto a suitable diagram, while others were confused about whether to label the
forces that other objects exerted on the plank or the forces exerted by the plank itself. These
diagrams then often led to confusion about the directions of the forces in play.

In part (i) there were many attempts that used backwards logic— assuming that there was no
frictional force and finding the value of x required for this tobe true. There were alsoa number of
candidates who assumedthat the frictional force would always be equal to uN, rather than taking
this as the maximum.

Part (ii) was often done poorly because it was often not clear that the solution was using the
magnitudes of the forces when using F = uN.

In part (iii) candidates often failed to consider all possible cases for the value of x and it was common
to seethe first result shown in one of the cases and the second result shown in the other.

Solutions to part (iv) were more successful from the candidates who reached this point.



Question 10

While the first part of the question was answered well in general, candidates did not perform well
on the question as a whole.

Many candidates only answered the first part of the question, although some misunderstood and
attemptedto consider the maximum height reached. Others assignedthe signto acceleration
incorrectly in the vertical motion equation.

Many candidates alsostruggled withthe trigonometric functions and failed to identify that
trigonometric identities could be applied; this often meant that part (ii) was not possible. The lack of
familiarity with trigonometric manipulations caused further marks to be lost later in the question
also.



Question 11

Some candidates made good progress with this question. However, a large proportion of attempts
did not make much progress and many were unable to score more than one or two marks.

Many candidates were able to correctly identify the way in which the required expression in part (i)
should be constructed and they were often successfulin putting these together correctly.

In part (ii) most candidates were able to consider the definition of @ and demonstrate the inequality
required, although some candidates only showed one side of the inequality. Candidate who
recognised that differentiation of the expected net loss function was a useful approach were often
able to make good progress towards finding the required results for the remainder of this question.

A small number of candidates attempted part (iii) of the question and many of these were able to
show the first result. The explanations of the final deduction were often not convincing however.



Question 12

Part (i) of the question was generally well attempted, although some candidates opted to integrate
by parts rather than noticing that the integral was simple once the brackets were expanded. A small
number of candidates failed to simplify the mean fully.

Part (ii) was found to be difficult. Most candidates attemptedto compute an expressionfor the
median rather than comparing the cumulative density function of the mean to %. Those who did
follow the intended approach were generally able to work through the algebra well. Many
candidates were also confused about the direction of the logic in this question and instead showed
the converse of the required result. In many cases the argument provided was reversible so many of
the marks could still be awarded.

Expansion of the binomial expression was generally done well, but the algebra of the part that
followed proved difficult, with most candidates either giving up early on or making mistakes that
either rendered the conclusion trivial or impossible to obtain. Only a handful of candidates
successfullyreached the correct condition and convincingly showed it to be true.

Many candidates did not attempt part (iii). Those who had been successfulin part (ii) almost always
realisedthat they needed to consider the cumulative density function of the mode and compare it to
% and almost all these candidates managedtodeduce the argument completely and gain full credit.
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Question Answer Mark
1 (i) [ 348 M1
dx=u-v-|u'vdx
J 1+ x3 I
- 3 M1
3x dx:x-k\/1+x3 —jk\/1+x3 dx
J \I1+X3
( 3 A1
3x dx:x-2\/1+x3 —_[2\/1+x3 dx
J N1+ x3
3 A1
JZ 1+ x3 + 3x dx =2xV1+x3 +¢
so v+ x3
[4]
(i) (x?+ 2)sinx sinx 2sinx M1
= +
x3 x x3
i M1
szIQde:—%-sinx+J qcozsxdx
X X X
—%-sinx—i-cosx—J SSINX 4x M1
= X X X
1 . 1 sin x
——-SinX——-CosX — dx
X X X
2 sinx sinx + xcos x A1
(x +2)—3dx:——2+c
SO X X
[4]
(iii) | (a) d_y_(X—1)eX M1
dx X2
Therefore there is a stationary point at (1, e). A1
(1.e)
Vertical asymptote at x =0 G1
Minimum in first quadrant and correct behaviour as x — o G1

Correct behaviouras x » —o

G1

[5]




(b)

M1

2a e* 1 2a 2a _x A1
J de:{——-ex} +J ——dx
a X X a a X
Therefore forintegrals to be equal we need M1
2a
el
X a
M1
S P
2a a
l-ea(—ea +2):0
2a
soa=1In2 A1
[5]
(c) | As before, this means we would need B1
e
X m
i.e.
e _e"
n_m
Fromthe graph in part (iii) (a) this would mean that the smaller of n, m E1

must lie in the range (0, 1). Hence this is not an integer.

[2]




Question Answer Mark
2 () Un2 — Untr = Uptg —Un M1
so constant differences. A1
Ifu, —u,; =d, thenu, =u; +(n—1)d B1
which is of degree at most 1
[3]
(i) tner +p(n+1)? M1
=~ (tpsz +p(n+ 22 +t, +pn?) —p
1
SO int1 = 3 (tnez +t0) A1
so t,, has degree at most 1 A1
Hence since p # 0, v, has degree 2. A1
Taking v, = pn?+ qn+ r, gives: M1
p+tq+r=0
dp+2q+r=0
soq =-3p A1
Andr =2p A1
[7]
(iii) Substitutes w,, = ¢t,, + kn3, so B1
tper +k(n+1)3 M1
= %(tn+2 +k(n+2)3—t,+kn3®)—an—b
LHS and RHS both give kn3+ 3kn? terms A1
1 A1
lny1 = E(tn+2 + tn) + (3k— a)n_ (b - 3k)
Choosing k = ia A1
gives case (ii) (withp = b —a) so t,, has degree at most 2 and w;,, has A1
degree 3,asa # 0.
unless b = a, when case (i) applies so t,, has degree at most 2 and w, A1
has degree 3,as a # 0.
Taking w,, = ian3 + (b —a)n?+qn+ r gives M1
b — §a +q+r=0
—§a+4b+2q+r=0
soq = %a —3b A1
andr = 2b A1

Wy, =§an3+ (b —a)n?+ Ga—3b)n+ 2b

[10]




Question Answer Mark
3 (i) Base case: F, < 2"™"F, B1
Forn>1,F,_y <F, soifr>nandF. <2""F, M1
F .y <2F <20+D-np A1
Logical structure correct, with conclusion. A1
R F, F, F, [4]
(") ;'l—l 1(::11 ;l:l 10:—1 - 11”1—1 15;11 M1
FT' T' FT'—
= 10027 1TT++11 — 102717 107 r=1 10r-11
F, F,
10081445 — 1080, 5~ X1 % M1
=100(S, +--) —10S, — (Sp + ) A1
= Fnes B A1
— 100("' t one 10) ( R~ 1011)
[4]
(iii) In (ii), the left hand side is equal to zero, so M1
_ Fnis
89S, = 10F; + Fy — -2 —
but 2 4+ 2L _, 0 as 1 - oo, from (i) B1
10 10
and F, = 0,50 S, ;g A1
o r F 13 _
r=7Tor S 1077 Xr= 010T = 0(i%) < 2x107 W
10
i_1(r 1,2 3 /5, 8 A1
89 10 (10 Tt 103 + 104 + 105 + 106 + Xrey 1or)
=0.0112358 + ¢
with ¢ < 2 X 1077, so the first six digits of the decimal expansion of 81_9 A1
are 0-011235
. [6]
(iv) LetT, = Y1, — M1
1007
E F,
then 0 = X7, — =5 — X7 1100r T~ X1 g0 M1
Fnia Fn
- 10000(T * Toon+t 100m+1 - 100) 100T ( o 100”)
9899T, = 100 — —&— — 2L A1
100" 100™
s0T,, = —= and — is the required fraction A1
9899 9899
as@= 0.0001010203050813213455 + ¢ M1
A1

where ¢ < 18—2 X 10724 < 10722

100

[6]




Question Answer Mark
4 (i) Forx <0, x| = —x |x—=5=—-(x—05) M1
For0<x<5 |xl=x |x—5=-(x-05)
For5<x |x] =x lx = 5|=x—-5
Forx <0, f(x)=—x—(—(x—5))+1=—4 A1
For0<x <5 f(x) =x—(—(x—5))+1 =2x—4
For5<x f)=x—(x—-5)+1=6
G1
G1
6 ___________________
2 5
i
[4]
(i) Writing g(x) = alx| + blx — 5|+ ¢ M1
Forx<0, g =-ax+b(—(x—-5))+c M1
For0<x <5 g(x):ax+b(—(x—5))+c
For5<x gx) =ax+b(x—5)+c
Coefficients of x:
—a—b=-1
a—b=3
a+b=1
a=2,b=-1
Soc=5
9(x) =2|x| = |x—5]+5 A1
[3]
5
Convex quadratic shapes of appropriate gradient and without vertex in G1
(=, 0], [5,)
Horizontal section in [0,5], with discontinuous gradient at endpoints. G1
Appropriate asymmetry of quadratic parts G1
[5]
(iv) k(x) = x? — |x(x — 5)| + linear, constant terms M1
k(x) - x* + |x(x—5)|is: M1
x < 0: 10x— x? + x(x — 5) = 5x A1
0 < x <5 2x2—x*>—x(x—5)=5x
5 < x 50— x? +x(x—5) =50— 5x
Setequaltoa + b|x— 5| M1




M1

Determine by substitution necessary values of a and b

a =25and b =-5 A1
Verification that these are sufficient A1
A1

Thus k(x) = x2 — |[x(x —5)| + 25 = 5|x — 5|

[8]




Question Answer Mark
5 (i) As z, ynon-negative anda > b,c: B1
ay > byandaz > cz
[1]
(i) {(a) A=%ax+%by+%cz B1
b M1
® ey (), ety 405 2
a
2 is the minimum value A1
a
[as this lower bound is attained at] (% 0, 0). A1
[4]
(iii) | (@) | Correct number of terms for expansions of any two of: M1
(a2 +b% +c?)(x*+ y% + z?)
(bx —ay)? + (cy — bz)?+ (az — cx)?
(ax + by + cz)?
Fully correct expansions. A1
Given result fully shown. A1
[3]
(iii) | (b) | By (iii), M1
(a? +b% +c?)(x*+ y%+ z?)
= (bx—ay)?+ (cy — bz)?+ (az — cx)? + (24)*
so the minimum value of x? + y2+ z2 is - A1
y a? +b? +c?
This occurs when bx = ay, cy = bzand az = cx M1
sowhenizizle, say, where 1 > 0. M1
Then 4 = ~a(ad) + 3 b(bA) +5c(bA) M1
7 A1
sol= a?+b%+c?
minimum at (a4, b4, cA) with this value of A. A1
[7]
(iv) (ax + by + cz)? = (cx + cy + cz)? M1
=c?(x+y+2)?=c?(x?+y*+2?) M1
sox?+y2+2z2 < %2 M1
Maximum of 40—‘;2 A1
A1

at (0, 0, ZC—“)

[5]




Question Answer Mark
6 (i) |(a) | Differentiating implicitly with respect to x gives B1
2x + ZyZ—z = 2a so, by substitution,
x2+y?=x (2x+ ZyZ—z)
e W _ 5ty M1
For second family: 2x + 2y = Zbdx
@) _ dy A1
SOy (2x+ Zydx) = (x? +y2)dx
(xz_yZ)Z_zzzxy A1
[4]
(b) | The product of the gradients at points (x, y) where the curves meetis B1
Yo B _ 1 provided x #
2xy x2—y2 P Y
So the tangents to the curves at these points are perpendicular
At (¢, c), for the first family of curves: M1
ZCZQ =0
dx
and so Z—z =0.
For the second family of curves:
2022~ g
c dy =
and so Z—z = oo,
and the tangents to the circles A1
(x—0c)?+y?=c?and (y— )2+ x? = ¢? at thispointare y = c and x =
C.
which are indeed perpendicular. A1
. [4]
ii i iv® ¢ M1
(ii) First family ot
4y _ A1
soxInx =Y
- 4y _ A1
so orthogonal family has Yo =% Inx
solving differential equation by separating variables M1
f—xlnxdx=—%x2 lnx—f—%xz-idx M1
=—1x2lnx+ix? A1
2 4
soty?2=—Ix2lnx+3ix%+c A1
2 2 4
[7]
(iii) If two curves, with parameters k1, k2 meet, require M1
4k1(x + kl) = 4k2 (x+ kz)
yz = _4k1k2 A1
for any curve, Zy% =4k M1
so the gradients of the two curves satisfy A1
dy| dy| _2azky _ 4 CSO
axly axly, — y oy

[5]




Question Answer Mark
7 () |@ | ws=-—2T M1
nw+1
— M1
w+n w+n w+n
|W5| - |nw+1| - (nw+1)(nw+1)
_ [ win win | win(w+w)+n? A1
TN nwHlnw+l Al n2wwHn(w+w)+1
which gives the required result, as A1
w+w =2Re(w)
[4]
(b) | fw) —gw) =(*—1)(A—|w[?) M1
andn>1,soif lw| <1, f(w) —gw) >0 A1
but since f(w) and g(w) are both positive (each is the square of the A1
magnitude of a complex number) f(w)>g(w)>0
A1
o) fEW§>1andso|w| fEW§|>1#
Hence |w| > 1
[4]
(c) |iflwl>1,f(w)—glw) <0 M1
S0 fw) <1 A1
gw)
A1
so |w| = f f(W) <1#. Hencelw| <1
and, in comblnatlon with (b), this gives |w| = 1 A1
[4]
(ii) | (a) | Since the coefficients of h(z) are real, but none of the roots is purely real, | B1
the six roots occur in conjugate pairs
Suppose p tiq are roots; then quadratic factor of M1
(z—p—-ig)(z—p+iq) = (z2—- 2pz + p? + q2) with 2p real and
p*+ g% =|z|>=1by (i)(c)
Hence the algebraic factors are as stated, and the only remaining A1
possibility is a numerical factor, which must be n by comparison of the z°
term
[3]
(b) | a; + a, + a3 is the sumof all six roots, B1
so equal to —%
[1]
(c) | The coefficientof zZ8in his —a,a,a; —2a; —2a, — 2a54 M1
which must be zero A1
SO a1 a2a3 == %
[2]
(d) | The sumof a1, a2, asis negative, so they cannot all be positive, but their | B1
product is positive, so exactly two of them are negative
hence exactly four roots of the equation have negative real part B1

[2]




Question Answer Mark
8 (i) . o . . . a b\(1)_ M1
If neither parallel to the y-axis, their gradients satisfy (C d) (m) =1 (
with A =0
eliminating A fromc+ dm=Am,a+ bm=21 M1
< c+dm=m(a+ bm) A1
If ((1)) is invariant, then b=0 M1
and the gradient of the other line satisfies A1
(a—dm=c
[5]
(i) If b= 0, and the angle 6 between the lines is 45° B1
then cos20 = % so using the scalar product
2 B1
1 1 _1 ” ”
((m) (m)) =11 +m)(1+m3)
so (1 +mymy)? +4mym, = (m;+ m,)? M1
2 2
so (1_5) _4g=(a—2d) A1
b b b
If b= 0, the condition is M1
2
(@)-(429) =taar e
so ¢? = (a— d)? as required A1
[6]
(iii) If b= 0, the angles with y = x are equal iff B1
1 1 (1
<m1>, <m2> make equal angles with (1)
2 2 M1
(G)O) ()
S0 2(1+m2) - 2(1+m32)
1+m3)A+m)?=0+m3)(A+my)?so(m;—my)(1—m;m,)=0 A1
but m1 = m2 so requirement is mimz=1 B1
whichisb+c¢c=0 A1
If b= 0, require ((1)) also invariant M1
so ¢ = 0, which is the same condition A1
[7]
(iv) Require c=—-band (a— d)2= 8b2 M1
A1

T I T

soe.g.(_1 S\ _ S s

[2]




Question Answer Mark
9
R
0
A
X F
N
d
Diagram: correct location of plank, prism, wall G1
and all forces G1
For equilibrium: F+ Rcos 6 —mg=0 B1
and Rsino—-N=0 B1
and R-dsec 6 = mgx cos 0 B1
__ mgxcos* 8 __ mgxsinfcos? 6 M1
soO R = 7 , N = 7
_ _xcos’f A1
F= mg(l d )
[71
(i) soif x=dsec30, F=0 B1
[11
(i) If x> d'sec? 0, F is negative so necessary that M1
xcos3 6 . mgxsin 0 cos? @
mg 1 < U d
S xcos30—d A1
K 2 S sin6cos? 0
If x < d sec® 0, Fis positive so necessary that M1
x cos3 0 mgxsin cos? 0
mg(l 4 ) < d
d sec® 6—x A1
Sou =2 xtan 6
[4]
(iii) x 3 x _ _sec®6 B1
If . > sec® 6 then " > Y
X 3 . dsec® 6—x M1
|fd < sec® 0 require u > B
souxtanf +x > dsec®8 A1
When p<cot9, if= < sec® 6, then= < _sec’0 B1
d d 1-utan 6
X 3 . x—d sec® 0 M1
|fd > sec” 0 require u > R w——
dsec38 > x— uxtan® A1
[6]
. 3
(iv) Now require x<d sec6 , so sec8 > 1:ZCm:9 , by the first inequality in (iii) M1
SO ptane>se026—1:tan26 A1
[2]
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10 | (i) h=utsina—%gt2ands=utcosa B1
SOh =— sina—lg 2522 ort = B1
ucosa 2 us cos“a ucosa
[2]
(i) require M1
= 2 2_9 (,2 2 2
ytanf = tana/x* +y -~ (x* +y*)(1+tana)
or real solutionsto atan?a —btana +c= 0 A1
with a = 2‘%(962 +vy2),b=x2+y2% c= Z‘Q?(ac2 +y?)+ ytané
so (x2 +y?) > 42%(x2+y2)(2%(x2+y2)+ytan9) M1
4 2
SO% > x2+y2+2yTutan9 A1
u* ut u? ‘ A1
—+—tan*6 > x* + (y +—tan9)
9°- g g
[5]
(iii) If x =0, the condition can be written as M1
u? tan 6 ut 5
(y+—g ) < gzsec g--
—ﬁtan9+ ﬁsect9 A1
g g A1
distance up plane d = y sec 0 satisfies M1
2
d < u;sec@ (sec B — tan®)
. uP1-sinf _ u® 1-sinf A1
so greatest dis 7 c0s28 — g 1-sin? 0
u? (+sing) v A1
also,d > — g cos2@ g(1-sinB)
. . u?
so greatest distance down slope is TOsind)
j 4 [6]
(iv) If y = 0, the condition can be written as x? < Z—Z M1
so the length of road iszgi2 A1
If the gun is moved a distance r up the slope, the condition is derived by | M1
substituting y—rcos 6 for y
W tan 6\ 2 ut A1
S0 x? + (y—rcos 0 +—) < ?(1+ tan?0)
sowhen y =0, M1
2
x? < Z—z(l + tan?6) — (M —1cos 9)
which is maximised by r = ”; tan sec 0 A1
with length of road reached Zgisec 0 A1
[7]
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11 | (i) Expected netlossis g7 (:--) M1
(-A=q" ) =--q" ") M1
=q"(D(A-q"T)=(N-T)qg"") A1
[3]
(i) all variables non-negative and N > T, D > 0, so denominator positive so | B1
a= 0.
N(N—-T+D)—DT=(N+D)(N-T) >0, B1
soa<1
%[expected net loss] = 0 M1
TDGT '—N(N—-T +D)qg"1=0 A1
N(N-T+D)q" '(a—q" ") =0 A1
I A1
hence g =aN-T determines exactly one value of g with 0 < g < 1 for
which the expected net loss is stationary
2
;? [expected net loss] M1
=T(T—1)Dg"2—N(N —1)(N—T + D)g" 2
at the root M1
= N(N =T +D)q"2((T = Da— (N —1)g"T)
= N(N =T +D)g"2((T—1) — (N — 1)) at the root M1
but—N(N —T)(N—T + D)q"~2 < 0, so maximum A1
The maximum netlossis g7 (D — a(N —T + D)) M1
T T
=20 (N —T) butq” = (¢"")¥T = a* Al
[12]
(iii) The expected loss is an increasing function of T if the expected netloss | M1
with one extra stick tested is larger than that without the extra stick
so when A1
[Dg"™*! —q¥(N— (T + 1)+ D)] - [Dq" — q"(N =T + D)]
=qT(@""T—-Dp)>0foral T
which is the case if gV~ > Dp A1
As p tends to zero, the left hand side of this expression tendsto 1, and E1
the right hand side to 0 hence there exists 3 > 0 such that, for all
p < B, the expected net loss is an increasing function of T
Thus for p < B, testing no sticks minimises the expected net loss. E1

[5]
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12 (I) n+1 n+2 ! B1
[Thx" (1= x) dx = | K| X— - X -k
0 n+1 n+2 (n+1)(n+2)
0
1 M1
1 Xn+2 Xn+3
=[x (1-x)dx =| k -
" -[OX ( X) X {(n+2 n+3ﬂ0
n+1 A1
n+3
_ [3]
(ii) u less than the median if jglkx”(1—x) dx <1 M1
n+1 n+2 A1
soif k| LK <1
n+1 n+2) 2
2 n+1 A1
1
2 (n+2)_(n+ ) < n+3
n+3 n+1
2 A1
1
(n+2)—(”+) _3n+5_, 4
n+3 n+3 n+3
and n+3:1+ 2
n+1 n+1
[The terms of the expansion are all positive, so the inequality holds if] M1
1 2
1+(n+1) 2 +(n+ )n(_2
n+1 2 n+1
1 B 3
+(n+ )n(n 1)( 2 j > 5 8
6 n+1 n+3
_ A1
expansion gives 1+ 2 + 2n +4n(n 12)
n+1 3(n+1)
[soif] 6n(n+1)(n+3)+4n(n-1)(n+3) M1
>9(n+3)(n+1)? —24(n+1)y
2n(n+3)(5n+1) >3(3n+1)(n2+2n+1) A1
n® +11n2 -9n-3>0 Al
[sO if] (n—1)(n2+12n+3)>0 A1
which is certainly the case if n> 1 A1
[11]
(iii) The mode m satisfies M1
f’(m):k(nm”‘1—(n+1)m”)=0
n A1
sOm=——
n+1
n+1 ne2\1" M1
[ hx™ (1= x) dx = | K| 2 =
0 n+1 n+2 0
n+1 A1
:2(Lj
n+1
but the given result implies M1




n+1 1+1
(_n+1j <[Ej =4 forn>1
n 1

SO Ién kx" (1-x) dx > 2.1 =1 and hence the mode is greater than the

median.

A1

[6]
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